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Abstract 

The complete structure of curvature squared terms is analyzed in the 
context of chirally extended supergravity, with special emphasis on the 
gravitationally induced Fayet-Iliopoulos D-term. Coupling of (chiral) mat¬ 
ter is discussed in relation with a possible extension to ?7(1) supergravity 
of the equivalence mechanism between TZ + oR? and General Relativity 
coupled to a scalar. 
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Introduction 


Higher derivative supergravity theories i, i, i, i, i have been proposed as 
messengers for supersymmetry breaking through gravitational effects |^. More 
recently, the equivalence of 7^ + 7^^ theories to gravity coupled to a scalar , in 
its supersymmetric version |P, has been advocated to provide a supersymmetry 
breaking device as well i, 0, El- 

All these scenarios are based on traditional supergravity. On the other hand, in 


the presence of a chiral abelian gauge structure, known as U{1) supergravity E 
El a supergravity induced D-term appears naturally [|T^ 


In the present paper, we describe explicitly the complete structure of curvature 
squared terms in t7(l) supergravity, and discuss possibilities to extend the scheme 
of to this case. 

In the hrst chapter we review shortly General Relativity and Whitt’s mech¬ 
anism [0. After an outline of U{1) superspace and the construction of the pure 
U{1) supergravity action in chapter 2 we turn to the complete description of 
curvature squared actions for U{1) supergravity. Our description is based on 
methods of superspace geometry as reviewed in |^. The paper closes with a dis¬ 
cussion of matter coupling to U{1) supergravity with curvature squared terms. 


General Relativity with curvature squared terms 


It is known that pure General Relativity is a nonrenormalizable theory |T^ E 


Adding quadratic terms in the curvature tensor allows to construct renormalizable 
actions 0 . The most general action which contains fourth order derivatives can 
be written as 

5 = 7 / d^X^in + a'n^ + + cn^^^rnmnpq) , (1) 

where 7 is related to the gravitational constant, resp. the Planck mass, 

T = = -Wp . (2) 


whereas 70 ;', 7 / 7 ' and 7 c are dimensionless. Taking into account the Gauss- 
Bonnet combination 


Sgb = / + 7^™7^, 


mnpq j ? 


(3) 


which, as a topological invariant, does not depend on the metric and, as a con¬ 
sequence, does not contribute to the equations of motion, this action may be 
written as 


S'= S- c^Sgb = 7 / d^x^[n + a7^2 + /37^”"'7^^„) , 


(4) 
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with constants a = a' — c, (5 = (3' + Ac. This theory describes |]^ the graviton 
together with a massive spin two ’’poltergeist” and a massive physical scalar field. 
For /3 = 0 the poltergeist decouples |E| and the action 


S'ji+'R? = 7 / d!^xy/^[K + an 


(5) 


which, however, is no longer renormalizable 0. describes a graviton coupled to 
a massive scalar field 0. Following |^, one starts from the action 


= 1 j d‘^xy/^(n + 2 q ! 07 ?. — 


( 6 ) 


On the one hand, varying with respect to 0 reproduces the action (^. On the 
other hand, performing a Weyl rescaling 


9mn (1 T 2Q!0) Q, 


-K' 

mn ’ 


(7) 


yields 


<Stz+<p = 7/ d'^x^J-g'i^' + 6q!^( 1 + 2a^) - «(! + 2 q;0) , (8) 

where the presence of the massive scalar field is manifest. It is in this sense that 
curvature squared gravity is said to be equivalent to General Relativity coupled 
to a scalar field |^. 


U(l) superspace and supergravity 

Supergravity is described in terms of the vielbein field and the Rarita- 

Schwinger field 'iprn°‘{x) together with a set of auxiliary fields^ M, M and ba, i.e a 
complex scalar and a vector. The latter are necessary to close the algebra of lo¬ 
cal supersymmetry transformations. In conventional supergravity which is given 
as the supersymmetric generalization of the curvature scalar they describe non 
propagating degrees of freedom. 

On the other hand, in supersymmetric versions of theories with curvature squared 
terms those fields acquire derivatives and become propagating fields as well. 

In the present paper we will extend this scenario to the case of U{1) supergrav¬ 
ity, describing an enlarged multiplet with additional components A^, A" and D. 
This theory has an additional gauged chiral U{1) symmetry with as gauge 
potential, A“ the gaugino superpartner and D the auxiliary field. One of its inter¬ 
esting features is that it allows the construction of a particular supersymmetric 
Fayet-Iliopoulos [^] term in the context of supergravity |T3| . 

^This set of auxiliary fields corresponds to the so called ’’old-minimal” formulation. Other 
choices are possible, as for instance ’’new-minimal” and ”non-minimal” formulations, but they 
will not be considered here. 
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The superspace formulation of U{1) supergravity is a generalization of 

that of conventional supergravity |Q : in addition to the Lorentz group in the su¬ 
perspace structure group it contains a chiral U (1). In order to be more explicit we 
review shortly the salient features of f7(l) superspace geometry, following closely 
refs. [Q, 1^. The basic objects are the vielbein the Lorentz connection 
(f)B^ and the U{1) connection A. They are all one-forms in superspace : 



E^ = dz^EM^^ , 

(9) 


= dz^(j)MB^ , 

(10) 


A = dz^A m . 

(11) 

Correspondingly, one dehnes the torsion T^, the Lorentz curvature RR^ 
U{1) heldstrength E : 

, and the 

rj^A 

= dE^ + E^c^b^ + u{E^)E^A , 

(12) 

Rb^ 

= d<f>B^ + , 

(13) 

F 

= dA , 

(14) 


which are two-forms in superspace. The chiral weights of the vielbein are defined 
to be 

uj{E°‘) = 0 , uj{E°') = 1 , u{Ea) = —1 . (15) 

The basic covariant superhelds which completely describe torsion, curvature and 
U{1) fieldstrength are 

R, , Ga , W4./37 > > and . (16) 


Component helds are dehned as lowest components of superhelds in the usual 
way 

£’m“| = em“(x) , ErrAl = , A^l = A^ix) , (17) 

for the gauge helds. In particular the metric tensor is dehned as gmn = em°‘enVab, 
with rjab = diag(—, -|-, -|-, -|-). Moreover one has the usual dehnitions 


R\ = -— , i?t| = , Ga\ = -- , 

I g , I 6 ' 3 ’ 

in the gravity sector and 

X^\ = -iX^, = T'“X„| = -2D, 


(18) 


(19) 


in the U{1) sector. We also dehne a gauge potential^ Am which is related to Am 
by 

■^m = Am + —bm , ( 20 ) 


^This definition takes into account the constraint : F^r, = —3GX which is used in 


3 

















and which will be used as the basic component field from now on. Correspond¬ 
ingly, we define the U{1) covariant derivative T>mX 


V^X = d^X + u;{X)ArnX = VmX + -w{X)bmX . 


( 21 ) 


The supergravity action is given in compact form as the volume element of U{1) 
superspace, i.e0 

Si = -?> J E . (22) 

The corresponding component field expression is most conveniently extracted 

-f he , (23) 


from the generic lagrangian 

e~^Ci = -r\{M + + 


ycr 


with the choice 


r = —3R . 


(24) 


Using the explicit component field form of Va-Rj, T^^R\i one obtains 

e-^Ci = -^7^ + - ^(mM - h%a) 

+ + DM| . (25) 


Clearly, this lagrangian exhibits the usual Einstein term together with a kinetic 
term for the gravitino and the auxiliary field terms for M, M and ba as in usual 
supergravity. One of the new features due to the chiral U{1) is the appearance 
of Am in the covariant derivative of the gravitino field 


= dw.'i’n + 


(26) 


Moreover there is a term linear in D, which clearly shows that this theory in itself 
cannot be complete. It is completed in adding a kinetic term for the U{1) gauge 
multiplet. In this case the term linear in D can play the role of a Fayet-Iliopoulos 
term The superfield action is defined as 

Taking r = ^X°Xa in the generic construction (p3D, one derives the component 
field expression 

e~^Cx '2 = -D^ + F'^'^Fmn — ^A(T”^'DmA — ^Xa'^Vm^ + other fermionic terms .(28) 
^Action and lagrangian are related by the relation : S = f dXxC. 
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These two lagrangians are separately invariant under the following supersymme¬ 
try transformations (as derived from superspace geometry in the usual way) 


= 

+^cr>^)Mp^ , 

(29) 

= 

(2Vrne - iCbm - ^(e^“d™)“&a + '-{CcTmTM^Mp , 

(30) 


(^2'DmCa + iiabm + ^ (^d“(Tm)al>a + ^{Ccrm)aM^Mp , 

(31) 

5^M = 

-2i{CX){+A{^a^^VM + li'ipmOb^ + t{^ma^OM)Mp^ , 

(32) 

6^M = 

2^(eA)(+4(e>"^":D^^„) - tiM)b^ - ^{CcT^'l|Jm)M)Mp^ , 

(33) 

S^ba = 







+*(Cci-aA) -h h.c , 

(34) 

= 

{la'^VmX) - {ia^VmX) - "-{^a^X + ia^X)b^ 



+ - iJmCr^^cr'^Oi'^^FkiMp^ + i'lpkOiXMp'^ + i'lfjkCFiXMp'^) 



(35) 


— (Acr^(^ T Act^O ) 

(36) 

= 

{ia^^r{2iFr,m + i’n^JmXMp^ + ^P^a^XMp^) + , 

(37) 

A^Aq = 

i^a'""^)ai2iFnm + ^pnC^mXMp^ + IpnaniXMp^) - . 

(38) 

Here the 17(1) fieldstrength 



Fki = dkAi — diAk , 

(39) 

and the covariant derivatives 



5 

(40) 

as well as 

T^m^a. “1“ a. ^a-^m • 

(41) 


VmC = + + 

(42) 


d “^d^m 5 

(43) 


occur. 

Observe that the sum of C,\ and C-x"^^ which might be referred to as pure 17(1) 
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supergravity, gives rise to a cosmological constant after diagonalization in the 
field D, as discussed in [jT^ |]T^ |^. In our case this action provides the starting 
point for the discussion of curvature squared terms and diagonalization should 
only be performed afterwards. 


Curvature squared terms and U{1) supergravity 

As is well known |l[] curvature squared terms in traditional supergravity are 
identihed in the highest superheld components of the combinations W^^'^Wais^y, 
G^Ga and RR} of basic supergravity superhelds. In the case of U(l) supergravity 
a number of modihcations arise due to the presence of the U{1) sector in the 
geometry, as explained in detail in |^. In order to fix our notations we shall 
consider here the three superspace action^ 


r E f \ 

Sw2 = J ■^\^^^al3'rj+h.C, 

(44) 

<Sg'2+2rr‘i = J E(G'^Ga + 2RR^^ , 

(45) 

SuRt = j -3(36i?i?t) . 

(46) 

Complete component held expressions can be evaluated in using 
ponent held action (|2^) with the identihcations, respectively. 

the generic com- 

ajB'y 

rvi/2 = W^Wa/S'Y ’ 

(47) 


rG^+2RW = -l{&-SR){G‘^Ga + 2RR^) , (48) 

rRRt = 1 {v^-8R)(36RR^) , (49) 

for the generic chiral superheld r. 

In what follows we shall only discuss the purely bosonic contributions of these 
actions. Following 0 one obtains 

+ , (50) 

o o 

e-^CG^+2RRt = + + ,(51) 

3 / 1 \ 

e-^CnRt = --{n-2Bf + +-MM]n-2(b'^bm + 2MM)B 

+W'^MVmM - ^{ea^Vmb'^y + ib^(MV^M - MV^m) 
((MM)2 + MMb%a + , (52) 

"‘The combination G'“Ga+2i?i?t which appears in the second action is particularly convenient 
for discussion of the supersymmetric Gauss-Bonnet invariant. 
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with the conventions 


^ mn 

Bmn 


F + -B 

^ mn \ 2 ^mn ) 

dm^n dnbjyi , 


(53) 

(54) 


and where the Weyl tensor >Vdc, 6 a, the Ricci tensor TZca and the curvature scalar 
TZ are identihed as usual in the decomposition of the Riemann tensor lZdc,ba '■ 


TZdc,ba hVrfCjba 4“ 2 {vdbTZca ^IdaTZcb Tlcb^Zda 4“ 4“ -^^{^db'^ca ^da^cb)TZ 


(55) 

With the hrst two lagrangians (^0]) and (^), one can obtain the supersymmetric 
version of the pure Gauss-Bonnet invariant (^) plus terms involving and 
F'^^Fran- These new contributions are due to the additional U{1) sector, they 
can be cancelled by adding Cx^- As a result, the pure super-Gauss-Bonnet 
combination is : 


ZZgb — 8Cw^ + 16£G'2+2R_Rt 4- ■ (^ 6 ) 

In terms of component helds this reproduces exactly the combination of equation 

(D, he : 


-1 


C 


GB 


= W 


dc,ba 


mcM - 

0 


(57) 


In order to discuss the most general form of U{1) supergravity with curvature 
squared terms we shall consider the combination^ 


C-tot — CLiCi + 02/1x2 4- 4- OG/lG 2 + 2 i?_Rt 4- 


(58) 


with Cl and Cx'^ dehned in the previous section. Inspection of the individual 
contributions shows that diagonalization in the auxiliary held D of the U{1) 
sector will introduce additional curvature scalar squared terms. More precisely, 
dehning 

D = D 4- 2 (oi 4- Sa^TZ — Aa^MM — 2a^U^brr^ , (59) 

with 

c = (^-303 + y - y) > (60) 

gives rises to the component held lagrangian 
e~^Ctot = -^(1 + 3a3c)77 - y(l - 6a3c)MM + y(l + 3a3c)5“&a 

- ^iZ^^iZ,a + (-^(1 + 3a3c) + ^^772 

^ai are real constants. 
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+ (a2 - + ^{2aw - aG)F^^Fmn + Sa^V^MVmM + 

-3a3(er^mfe“)" + ia^b^iMVmM - MV^m) 

2 

+y (1 + 12a3c)7^MM + 03(1 + SascjTZFba - ^ 

_^(1 + 12a3c)((MM)2 + MMb%a) - y(l + ^a:,c){b%af ■ (61) 

The Lorentz and U{1) covariant derivatives appearing here are dehned as 


FmM — dmM + 2AmM , 

(62) 

VmF = dmb^ + FUmc\ 

(63) 

according to the chiral weights : 


u{M) = 2 , uj{F) = 0 . 

(64) 


This is the (bosonic part) of the component held lagrangian which is relevant 
for the discussion of curvature squared terms in U{1) supergravity. As a hrst 
observation consider the special case 


clg — 2a\y , (65) 

which adjusts the relative factor between the squares of the Weyl and the Ricci 
tensors to that occurring in the Gauss-Bonnet combination. In this case the 
general action is specihed to 

e ^Ftot = —^(l + 3a3c)7^— —(l — 6a3c)MM-\-—(l-\-3a3c)b°‘ba 
+ ^ - 2n’’'^nha + 

— ^(1 + 3a3c)7^2 + 2 c-^(l + 3a^c)F^'^F^n + SasV^MV^M 

Tc-^D^ - Sasi^ecTVmb’^y + iasb^(MVmM - MV^m) 

_^(1 + l2a3c)((MM)2 + MMb%a) - y (1 + 3a3c)(6“6a)2 

2 

+ y (1 + 12a^c)TZMM + 03(1 + 3a2,c)7Ufba — . ( 66 ) 

This action is the U{1) supergravity analogue of the case /3 = 0 discussed for the 
non-supersymmetric case (^. 

As an aside, note that in order to obtain the Gauss-Bonnet combination of cur¬ 
vature squared terms one has to cancel the additional TZ^ term. This can be done 
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by choosing either as = 0 or (1 + Sasc) = 0. In the hrst case, the lagrangian is 
reduced to 


e-^Ltot = 7^ - —MM + —+ c-^D^ - ^ 

2 3 3 4 

+ ^ , (67) 

and in the second case one obtains 

e-^Ctot = -aiMM - ^MMTZ + ^asV^MVmM 

-dasD^ - 3a3(ea""V^b’^y + iasb^^MVmM - MV^m) 

+y||^ + a3((MM)2 + MMb%a) 

+ ^ + ^77^) . ( 68 ) 


Clearly, the hrst case describes a generalization of a supergravity action with a 
correctly normalized (for Oi = 1) curvature scalar term. 

The interpretation of the second case is more subtle in that a Weyl rescaling 
in MM should be performed P 0 to arrive at a correctly normalized Einstein 
term. 

Finally, the coupling of curvature squared term to traditional supergravity can be 
recovered from equation (^) in simply switching off the U{1) sector, i.e taking 
02 = 0, Am = 0 and substituting D = |(^ai + dosTT. — dosMM — 2036 ^ 6 ^), 
which eliminates the c-dependence in (| 6 T|) . 


Coupling to matter 


As chirally extended U{1) supergravity provides a natural framework for a gravity 
coupled Fayet-Iliopoulos term 0 , 0 , it is interesting to investigate couplings 
to chiral matter in this context. This discussion serves at the same time as a 
prerequisite for the generalization of the Whitt mechanism, as alluded to in the 
hrst section, to the case of 77(1) supergravity. 

To begin with, we consider a single chiral superheld <I> of 77(1) weight ci;(<I>) = uj, 
and, correspondingly 4> of 77(1) weight a;($) = —u. Evaluating the supersym¬ 
metric action 


S — aiSi 02^x2 + 04 / - 7 //(*h, $) -|- 05 


E 

2R 




E 




(69) 


where x is given in term of the chiral weight : x = for t(;($) 7 ^ Q. In terms of 
component helds, one hnds, for the purely bosonic contribution. 


e^C = {ai + A))[—-7l— 


1 , 

' 2 ^ 


^MM+h^bm 
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+ ^ai + 04 /(A, A) — -a^uj + /a^) ^ D 
+ ^T>^ + a2F^^Fmn 

+ia^b'^{fAVmA - hFmA) + 3aJ^-j(v^AV^A - FF) 

+04 [JaMF + f^MF) Aa^x (^FA^^-^^ + FA^^'^^^ , (70) 

with the dehnitions 

$1 = 71 , = -4F . (71) 

Clearly, this provides a generalization of the Fayet-Iliopoulos term to the case 
of matter-coupled chirally extended supergravity, and possible applications to 
symmetry breaking mechanisms deserve further study. 

On the other hand, this action is the starting point for the generalization of the 
Whitt’s mechanism as well. In order to establish the relation between curvature 
squared 77(1) supergravity with its matter coupled counterpart, linear in the 
curvature scalar, we shall start from equation (| 66 f) with the particular choice 
ciG = CLw — 0 , i.e 

C = ttiCi + a2Cx^ + , (72) 

which is a supersymmetric version of (§). As to the supersymmetric analogue of 
(^ we consider 

S = aiSi + a2Sx‘2 + 03 ^—3 j + A + + J + J 

which has the same appearance as the corresponding action in traditional super¬ 
gravity P]. However, in the present context a number of new features appear. 
In particular, for reasons of consistency with the 77(1) gauge structure, the 77(1) 
weights of the chiral superhelds <I> and A are determined to be : 

w(<I)) = 2 , cu(A) = 0 . (74) 

Evaluation of the purely bosonic part of this action in terms of component helds 
gives 

e + a^(^AA + 7? + ~ —MM + 

+ + 03 ^1 — — w($)^ AA + 03 (^B + -7^)^ D 

+ + a2F^^Fmn 

+ia^b^ (^AF^A — AT)m,A + F^B — FraB^ + Sa^'D^A'D^A 
+a3(-3FF + AMF + AMF + FB + FB) 

+03 (G(M + A) + G(M + A) - ABM - ABM) , (75) 
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with the dehnitions : 


A\ = B 


V^A\ = -AG 


(76) 


Taking into account the equations of motion^ 

A = -M , 

F = + Ik _ h-4^ + 1 mm + - D 


(77) 

(78) 


reproduces exactly the lagrangian (^) of curvature squared U{1) supergravity. 
On the other hand, performing appropriately a Weyl rescaling in the supersym¬ 
metric context p3, P, this action will describe supergravity, with a properly 


normalized curvature scalar, coupled to two chiral matter multiplets in the pres¬ 
ence of a Fayet-Iliopoulos term. 

In conclusion, we expect that this mechanism might open new possibilities for 
scenarios of gravity induced supersymmetry breaking in the presence of curvature 
squared terms 0]. 
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